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A COMMENT ON THE NUMBER-OF-FACTORS MODEL OF 
REDDINGIUS AND DEN BOER 

This note is prompted by the assertion of den Boer (1968) "that if the 
risk of reaching excessively high or low densities is spread over a number 
of (meteorological) factors, density fluctuations will be relatively stabilized 
and the survival chance of the population will be increased." Reddingius 
and den Boer (1970) demonstrated this hypothesis with a mathematical 
model. May (1971) questioned the validity of the model on essentially 
mathematical grounds; I question the biological reality of the model and 
suggest that a realistic model will produce instability as more factors are 
added. 

The Reddingius-den Boer model says that the effect of one extreme 
climatic factor can be cancelled out by another extreme factor; that is, the 
rate of increase can attain its extreme values only if all factors are extreme 
in the same direction. 

Consider the Reddingius-den Boer formula for the two-factor case: 

y (t) ==ln (' (t)) Ymin + (Ymax Ymin) 

( If l(t) - UlI + If2(t) - u2(t) 

Ibi- ull+b2 - u21 

where r (t) = net reproduction at time t; Ymi, -minimum value of y (t); 
Ymax maximum value of y (t) ; fl (t), f2 (t) values of the weather factors 
1, 2 at time t; b1, b2= maximum value the weather factors 1, 2 can take; 
and ul, U2 = minimum value the weather factors 1, 2 can take. Now let the 
parameter values be: bi - b2 - 1.5, U1 = U2 = 1.0, (b1 - ul) = (b2 - U2) 
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- 0.5, f1(t) = 1.0, and 2(t) = 1.5. The weather factors are both extreme 
but at opposite ends of their range. The net reproduction is 

y(t) = In (r(t)) Yrnin + (Yrnax-Ymin) 0.0+ 0.5 

1 
2 (Ymin + Ymax). 

Now let the weather factors take intermediate values, ft (t) - f2 (t) = 1.25. 
The net reproduction is 

8(t) ln(r(t)) m in + (Ymax - Ymiu) 0.25 0.25) 

-1/2 (Ymin + Ymax) . 

In both cases the net reproduction is just halfway between the extreme 
values. Two extreme conditions should give a lower rate of increase than 
two moderate conditions, since, for any set of factors that determine the 
rate of increase, one factor will set the absolute limit on r and the values 
of other factors cannot increase this value. This can be illustrated by the 
relationship between rate of increase and the two environmental factors 
moisture and temperature for Calandra oryzae given by Birch (1953; also 
Andrewartha and Birch 1954, p. 48). 

When the moisture content of the grain is 10%o the rate of increase is 
zero regardless of the temperature; an extremely high temperature will 
not increase r, which is what the Reddingius-den Boer formula implies. 
When conditions are moderate, say 12% moisture and 260 C, then the rate 
of increase is moderate. 

Increasing the number of factors which influence the rate of increase in- 
creases the probability that one of these factors will be extreme and hence 
that the rate of increase will be low. Increasing the number of factors must 
therefore destabilize the system. 
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MODELS IN BIOLOGY: A COMMENT 

Some people have difficulties with a model presented by Reddingius and 
den Boer (1970) to "illustrate stabilization of animal numbers by spreading 
of risk" (see also den Boer 1968, 1971). As mathematical models become 
more fashionable in biology, the number of people having difficulties about 
them will probably increase unless we develop good methods for judging the 
merits of models. One point that is very important in this respect is what 
purpose a given model is supposed to serve. I have argued (Reddingius 
1971) that at least the following examples of the use of models may be 
distinguished: (1) Models may be used to illustrate or exemplify a pro- 
visionary theory, or to see whether a certain theoretical idea may make 
sense. (2) Models may be used as counterexamples to show that a certain 
theory, or a certain line of reasoning, is not correct, or incomplete. (3) 
Models may be used to summarize our knowledge and our insights about the 
thing modelled. (4) Classes of models may be constructed to represent 
various hypotheses concerning something, and decision rules may be derived 
concerning how to choose models from these classes on the basis of empirical 
observations (e.g., statistical estimations, or hypothesis testing). 

Den Boer and I hoped that it would be obvious from our text, and I ex- 
plicitly argued in another paper (Reddingius 1971), that the models we used 
belong to the first category mentioned above, that is, they were used for 
illustrative and heuristic purposes, and not to depict knowledge or philos- 
ophy about the way net reproduction of an insect species depends on en- 
vironmental temperature, etc. I have claimed (Reddingius 1971) that 
models used for theoretical purposes need not be very realistic or precise 
as long as they are suitable for making a theoretical point. 

Roff (1974) and Levandowslky (1974) take some trouble to show that 

* Present address: Institute of Animal Resource Ecology, University of British 
Columbia, Vancouver, British Columbia, Canada. 
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the "number-of-factors" model of Reddingius and den Boer is unrealistic. 
As any careful reader will have noticed, we were pretty well aware of this 
lack of realism, and we offered some arguments to suggest that this did not 
really matter. For example, the "factors" fj in the model need not be 
"real" factors such as temperature or humidity, but they might well be 
transformations of these such as "the cubic root of the difference between 
environmental temperature and the optimum temperature." To show this, 
we did not merely run a series of computer simulations, but we proved a 
theorem. This theorem asumes something about expectations, variances, and 
covariances of hypothetical influences on net reproduction; it assumes 
nothing about the relationship between net reproduction and temperature. 

In my opinion, den Boer 's spreading-of-risk theory is still highly specula- 
tive, but it does have heuristic value. The question under what conditions 
the assertions of this theory are true and under what conditions they are 
not is worth a thorough discussion. Most of the points raised by Roff (1974) 
and Levandowsky (1974) do not seem to bear on this question at all. 
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AN ANSWER TO THE COMMENT OF ROFF 

Reddingius and den Boer (1970) chose extreme values of net reproduc- 
tion (rmax, rmin) "unrealistically" high and low for a lepidopterous insect. 
Since the probability that all factors attain their extreme values in the 
same direction within the same generation must be very low (more so when 
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the number of factors is large), we concluded that r usually varied within 
more or less "realistic" bounds. Hence, the question of whether only one 
factor will set the absolute limit on r is not very interesting to our model 
which represents the kind of situation in which populations persist for some 
time. Of course, there are places where one or more "factors" will often 
reach extreme values, but such populations generally will not be able to 
persist for more than a few generations. Nevertheless, let us look briefly at 
Roff's (1974) numerical examples. Let the two factors of Roff be factors 6 
and 2 of table 1 in Reddingius and den Boer (1970) ; that is, factor 6 
- total evaporation in April, and factor 2 - number of hours of sunshine 
during May. 

One may imagine factor 2 to influence number of eggs deposited and 
factor 6 to influence survival of winged adults. Roff supposes factor 2 
reaches an extremely high value (with the result that great numbers of 
eggs are deposited per female in May) and factor 6 reaches an extremely 
low value (with the result that mortality of winged adults is very high in 
April). He is dissatisfied with r having about the same intermediate value 
as when both factors have intermediate values. 

I cannot see how the result could differ from this, even in nature. This is 
not to say that our model is "biologically realistic," for-like all 
models-it simplifies reality; we only hope that our simplifications do not 
invalidate the point we wanted to make about populations in nature. In 
any case, Roff does not question such unwarranted simplification. 

Roff does not seem to realize that our "r" is thought to be the result of life 
histories of individuals of a population during a whole generation and that 
each life history is composed of a sequence of encounters with more or less 
dangerous "factor values." An individual that escapes one source of 
mortality must encounter another and thus will have another risk of 
succumbing but also another chance to reproduce. Hence, our r is Ro of 
Andrewartha and Birch (1954, p. 41) and not the "innate capacity for 
increase" (rm) or "finite rate of increase" as used by Birch (1953) and 
Andrewartha and Birch (1954, p. 47-54). 

Our opinions do not seem to contradict views of Andrewartha and Birch 
(1954), who among others (p. 53) stress the point that in certain places 
some "factor" may reach such extreme values that it limits the distribution 
of the species concerned. However, our model is concerned with the pattern 
of fluctuations in places where conditions are less severe. 
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A FURTHER COMMENT ON THE MODEL OF REDDINGIUS 
AND DEN BOER 

The model by Reddingius and den Boer (1970) assumes that net repro- 
ductive rate r(t) varies between a maximum and a minimum greater than 
zero, and that its logarithm y (t) is a monotonic linear function of a number 
of environmental factors fi. These assumptions appear unreasonable, even 
in a first approximation: 

A reasonable model needs to allow r to fall to zero at the upper and lower 
extremes of any fi. Thus, a typical plot of r versus temperature has the gen- 
eral form shown in figure 1. 

Therefore r, or log r, is not a monotonic function of the fi. 
Since y = log r is not monotonic or identically zero, it is not linear. For 

high values of r, log r is usually a "smoother," or more linear, function. 
But for many natural populations, net reproductive rate fluctuates near 
one, and taking logs does not have this smoothing effect; further, log r 
fluctuates wildly when r varies near the origin, since log r .- - co as r -> 0. 

However, both the model and the above criticisms are a bit artificial, in 
ignoring interactions of the effects of environmental factors. These are 
known to be quite important in microbial ecology (Smayda 1963; Brock 
1966), where range limits of one variable are conditioned by values of others. 

r 

T 

FIG. 1.-Form of relation between growth rate (r) and temperature (T) 
found in many microorganisms. For specific examples see Hansen (1933). 
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